Given p ≥ 0 and a graph G whose degree sequence is d 1
, and then define ex f (n, H) as the maximum value of e f (G) taken over all graphs with n vertices that do not contain H as a subgraph. Observe that ex f (n, H) = ex(n, H) if f (x) = x/2, ex f (n, H) = ex p (n, H) if f (x) = x p . Bollobás and Nikiforov mentioned that it is important to study concrete functions. They gave an example f (x) = φ(k) = Denote by T r (n) the r-partite Turán graph of order n. In this paper, using the Bollobás-Nikiforov's methods, we give some results on ex φ (n, K r+1 ) (r ≥ 2) as follows: for k = 1, 2, ex φ (n, K r+1 ) = e φ (T r (n)); for each k, there exists a constant c = c(k) such that for every r ≥ c(k) and sufficiently large n, ex φ (n, K r+1 ) = e φ (T r (n)); for a fixed (r + 1)-chromatic graph H and every k, when n is sufficiently large, we have ex φ (n, H) = e φ (n, K r+1 ) + o(n k+1 ).
Introduction
All graphs considered here are finite, undirected, and have no loops or multiple edges. For the standard graph-theoretic notations the reader is referred to [1] . Given a graph G, let e(G) be the number of edges of G. Denote by ex(n, H) the classical Turán number, i.e., the maximum number of edges among all graphs with n vertices that do not contain H as a subgraph. Denote by T r (n) is the r-partite Turán graph of order n, i.e., ex(n, K r+1 ) = e(T r (n)). Given p ≥ 0 and a graph G whose degree sequence is
is a much studied parameter in graph theory, especially for p = 2. Clearly, e 1 (G) = 2e(G). In [4] , Caro and Yuster introduced a Turán-type problem for e p (G): given p ≥ 1, how large can e p (G) be if G has no subgraph of a particular type. Denote by ex p (n, H) be the maximum value of e p (G) taken over all graphs with n vertices that do not contain H as a subgraph. Clearly, ex 1 (n, H) = 2ex(n, H). It is indeed interesting to investigate the values of ex p (n, H) and the corresponding extremal graphs. It turns out such problems are usually more difficult for p > 1 than for p = 1. Subsequently study on this topic appeared, such as [2, 3, 7, 8, 9, 10] .
In [5] , the authors considered K r+1 -free graphs and proved that
for 1 ≤ p ≤ 3. Therefore, it is interesting to find the values of p for which equality (1) holds and determine the asymptotic value of ex p (n, K r+1 ) for large n. In [2] , Bollobás and Nikiforov showed that for every real p (1 ≤ p < r) and sufficiently large n, if G is a graph of order n and has no clique of order r + 1, then ex p (n, K r+1 ) = e p (T r (n)), and for every p ≥ r + ⌈ √ 2r⌉ and sufficiently large n, ex p (n, K r+1 ) > (1+ǫ)e p (T r (n)) for some positive ǫ = ǫ(r). In [3] , Bollobás and Nikiforov proved that if e p (G)
Cn r−p p2 6r(r+1)+1 r r cliques of order r + 1. Using this statement, they strengthen the Erdös-Stone theorem by using e p (G) instead of the number of edges.
In [9, 10] , Pikhurko and Taraz discuss even more general problems. Namely, let f be a non-negative increasing real function and define
They generalize the Turán-type problems and denote by ex f (n, H) the maximum value of e f (G) taken over all graphs with n vertices that do not contain H as a subgraph. Observe that ex f (n,
They also give several results for general function f . In [3] , Bollobás and Nikiforov mentioned that it is important to study concrete functions. They gave an example f (x) = φ(k) = In this paper, we will study this new Turán-type problem on degree sequence. Using the Bollobás-Nikiforov's methods and according their results [2] , we give some results on ex φ (n, K r+1 ), i.e., the maximum value of
taken over all K r+1 -free graphs with n vertices. We assume k ≤ n/2 in this paper.
Our first result shows that for k = 1, 2, the extremal graph that yields ex φ (n, K r+1 ) is exactly the Turán graph T r (n).
Theorem 1 Let r ≥ 2 be a positive integer and k = 1, 2. Then
where T r (n) is the r-partite Turán graph of order n.
Actually, Theorem 1 is not true for the case of k ≥ 3. We consider the triangle-free graphs. The structure of triangle-free graphs such that e φ (G) = ex φ (n, K 3 ) for k = 3 are characterized. Using the similar method, we also characterize the structure of triangle-free graphs such that e p (G) = ex p (n, K 3 ) for p ≥ 4.
Similarly, a natural problem arises: given r ≥ 2, determine the integers k, for which equality (2) holds. We will deduce the following result. Computer calculations show that c(k) = 5/2 when k = 2, and c(k) = 5 when k = 3.
Theorem 2
For a fixed (r + 1)-chromatic graph H, we show that for every r ≥ 2 and k, we have ex φ (n, H) = e φ (n, K r+1 ) + o(n k+1 ).
Theorem 3 Let H be a graph of order n with χ(H) = r + 1 (r ≥ 2). When n is sufficiently large, we have
Proof of Theorem 1
In order to prove Theorem 1, we need the following theorem of Erdös [6] , which characterizes the maximal degree sequences of graphs without a K r+1 .
If G and G ′ are as in Lemma 1, then for every integer k,
i.e., e φ (G) ≤ e φ (G ′ ). Thus, the following corollary immediately follows.
Corollary 1 For every n ≥ r ≥ 1 and integer k, there exists a complete r-partite graph G with n vertices such that ex φ (n, K r+1 ) = e φ (G).
Actually, Pikhurko [9] obtained the following general result.
Corollary 2 For every n ≥ r and non-decreasing function f : N → R, there exists a complete r-partite graph G with n vertices such that ex f (n, K r+1 ) = e f (G).
Proof of Theorem 1. We only need to consider the case of k = 2, since ex φ (n, H) = 2ex(n, H) for k = 1. Let G ′ be any complete r-partite graph that has at least two vertex classes X and Y with |X| = x, |Y | = y and x − y > 1. The complete r-partite graph G ′′ is obtained from G ′ by transferring a vertex from X to Y . Then we only need to prove e φ (G ′′ ) > e φ (G ′ ) for k = 2. Observe that n ≥ x + y, x − y − 1 > 0, and
Let g(n, x, y) = e φ (G ′′ ) − e φ (G ′ ). By some elementary calculations, we have that g(n, x, y) is monotonously increasing on n. Therefore, g(n, x, y) ≥ g(x + y, x, y) > g(2y + 1, y + 1, y) > 0, since g(x + y, x, y) is monotonously increasing on x.
Observe that Theorem 1 is not true for k ≥ 3. This can be seen from the fact that for some 3 ≤ k ≤ n/2, e φ (K ⌊n/2−1⌋,⌈n/2+1⌉ ) > e φ (T 3 (n) ). In the following, we will consider triangle-free graphs for k = 3. Let G * be the triangle-free graph such that e φ (G * ) = ex φ (n, K 3 ). From Corollary 1, G * is a complete bipartite graph and we assume G = K x,n−x . We start by computing e φ (G) for k = 3. Set e = e(G) = x(n − x).
Let G * n denote the set of (unbalanced) complete bipartite graphs K x,n−x for which e = x(n − x) is closest to (n 2 − 3n + 4)/4. Observe that G * n usually consists of a single graph, but an elementary number of theoretical argument shows that there are also infinitely many cases when G * n = {K x, n−x , K x+1, n−x−1 }. Indeed, in these cases, n, k satisfying that
i.e., 4xn − 4x 2 − 4x − n 2 + 5n = 6. Computer calculations show that the first few cases are (n, k) = (7, 1), (10, 2) We conclude this result as follows.
Theorem 4
If G is a triangle-free graph of order n and e φ (G) = ex φ (n, K 3 ) for k = 3, then G ∈ G * n , where G * n denotes the set of (unbalanced) complete bipartite graphs K x,n−x for which e = x(n − x) is closest to (n 2 − 3n + 4)/4.
Recall that in [2] , Bollobás and Nikiforov proved that for 0 < p ≤ 3, ex p (n, K 3 ) = e p (T 2 (n)), and showed that for every ε > 0, there exists a δ such that if p > 3 + δ then ex p (n, K 3 ) > (1 + ε)e p (T 2 (n)) for sufficiently large n. They also proved that if ex p (n, K r+1 ) = e p (T r (n)) for some K r+1 -free graph G of order n, then G is a complete r-partite graph having r − 1 vertex classes of size cn + o(n), where c = c(p, r) is a constant. Using the above method, we will show that among all triangle-free graphs, some unbalanced complete bipartite graphs will attain the maximum value of e p (G) for p ≥ 4. Let G * be the triangle-free graph such that e p (G * ) = ex p (n, K 3 ). Similarly, G * must be a complete bipartite graph and we assume e(G * ) = an 2 , where a = a(p) is a constant. Let G = K x,n−x . Set e = e(G * ) = x(n − x) and then we can assume
For p = 4, we have h(n, e) = n 5 12
, which implies that a = 1/6 ≈ 0.166666666 for p = 4. For p = 5, we have h(n, e) = 2e 3 − 4n 2 e 2 + n 4 e, which implies that a = Proof of Theorem 3. Let G be a K r+1 -free graph of order n such that ex φ (n, K r+1 ) = ex φ (G). By Corollary 1, G is r-partite, which implies that G is H-free. Thus, we have ex φ (n, H) ≥ ex φ (G) = e φ (n, K r+1 ). Now let G ′ = (V, E ′ ) be an H-free graph of order n with ex φ (n, H) = ex φ (G ′ ). From Lemma 2, there exists a K r+1 -free graph G ′′ = (V, E ′′ ) that may be obtained from G ′ by removing at most o(n 2 ) edges. Denote by d Using the elementary calculus, we have
Summing this inequality for all 1 ≤ i ≤ n, we have
The proof is thus completed.
